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Abstract. We study moduli of vector bundles on surfaces of general
type, focusing on the case of a product of smooth projective curves. We
compare the moduli space of stable bundles Ms to the coarse moduli
space of the stack of all bundles M. After removing the irreducible
component consisting only of unstable bundles from M, we then show
that M and Ms have the same homology at range smaller than c2.
1. Moduli
We discuss moduli spaces of bundles over surfaces of general type, that
is, surfaces whose canonical bundle is ample. We study the case when the
surface is a product of curves with emphasis on rank 2 vector bundles.
We compare the set of stable bundles to the irreducible component of the
stack containing them. That is, we argue that the moduli space of stable
bundles has the same homology in large degree as the coarse moduli space
of the stacks of all vector bundles. The result is independent of the choice
of a polarization. Presumably, this result is well known, and is part of the
folklore of the subject. Nevertheless, we were not able to find it anywhere
in the literature. So, we prove here the following version of this statement.
We consider 2 curves Σi of genus gi which are Pic-independent (Def. 20).
There are many such curves, for instance, when g1 > g2 > 1 and the pair
(Σ1,Σ2) is very general in Mg1 ×Mg2 . Fix the smooth type of the vector
bundles on Σ1 × Σ2, or equivalently their Chern classes. Let M
s(Σ1 × Σ2)
denote the moduli space of stable bundles with the fixed smooth type on
a polarized surface. Let M(Σ1 × Σ2) denote the corresponding irreducible
component of the coarse moduli space of the stacks of vector bundles minus
the irreducible component consisting only of unstable bundles. The latter
1
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can be arbitrarily large, as shown in Sec. 3, and is not comparable to the
moduli spaces of stable bundles. For the topological comparison, we only
consider the components of the coarse moduli space of the stack which do
contain stable bundles. See [Go] for details about stacks. We prove that for
c2 >> 0 and for each q < c2
Hq(Mc2(Σ1 × Σ2),M
s
c2
(Σ1 × Σ2)) = 0.
Our result is independent of the choice of a polarization.
2. Techniques
We will use Kirwan’s techniques for removing subvarieties of high codi-
mension, preserving isomorphisms in homology through a range.
Theorem 1. [Ki, Cor. 6.4] Let X be a quasi-projective variety and µ a non-
negative integer such that every x0 ∈ X has a neighbourhood in X which is
analytically isomorphic to an open subset of
{x ∈ CN |f1(x) = · · · = fM (x) = 0}
for some integers N, M, and holomorphic functions fi depending on x0 with
M ≤ µ. If Y is a closed subvariety of codimension k in X, then for q < k−µ,
Hq(X,X − Y ) = 0 = H
q(X,X − Y ).
Our method of work will be to make a detailed description of the model of
the moduli space given by the Kuranishi map, as described in the following
result:
Theorem 2. [DK, Prop. 6.4.3]
(i) There is a holomorphic map Ψ from a neighbourhood of 0 in H1(EndE)
to H2(End0 E), with Ψ and its derivative both vanishing at 0, and a versal
deformation of E parametrized by Y where Y is the complex space Ψ−1(0),
with the naturally induced structure sheaf (which may contain nilpotent ele-
ments).
(ii) The two-jet of Ψ at the origin is given by the combination of cup
product and bracket:
H1(End E)⊗H1(End E)→ H2(End0 E).
(iii) If H0(End0 E) is zero, so that the group AutE is equal to the scalars
C
∗, then Y is a universal deformation, and a neighbourhood of [E] in the
quotient space A1,1/Gc (in the quotient topology) is homeomorphic to the
space underlying Y. More generally, if AutE is a reductive group we can
choose Ψ to be AutE equivariant, so AutE acts on Y and a neighbourhood
in the quotient is modelled on Y/AutE (which may not be Hausdorff).
We want to apply Kuranishi theory to study the topology of moduli of
vector bundles. The following result will also be useful. Note that the
tangent sheaf TM to the moduli space M is given at a point E by TEM =
H1(End0(E)), and the obstruction for smoothness at the point E of M lies
in H2(End0 E), where End0 denotes traceless endomorphisms.
Note that the dimension of the moduli space of stable bundles is dimMR =
8c2 − 3(1− b1 + b
−
2 ), see [BB, p. 617]or [DK, Eq. 4.2.21]. The set of singular
points is Msing = {E : H
2(End0 E) 6= 0} = {E : H
0(End0 E ⊗ KX) 6= 0}
MODULI OF BUNDLES ON SURFACES OF GENERAL TYPE 3
since each nonzero ρ : E → E ⊗KX with tr ρ = 0 gives the structure of an
unstable bundle.
2.1. Basic definitions.
Definition 3. Let X be a compact complex manifold and E → X a
holomorphic vector bundle. Then
(1) if dimX = 1, the degree of E is defined as
degE =
∫
X
c1(E);
(2) if dimX = n > 1, then the degree of E is
degE =
∫
X
c1(E) ∧ ω
n−1,
where ω ∈ H2(X,Z). The form ω is called a polarization of E.
The definition (2) of degree depends on the chosen polarization.
Definition 4. The slope of a vector bundle E → X is
µ(E) =
deg(E)
rank(E)
.
Definition 5. Let M be a Riemannian manifold and E → M a vector
bundle. Then E is
(1) slope stable if µ(E′) < µ(E) for every proper subbundle
0→ E′ → E.
(2) slope semistable if µ(E′) ≤ µ(E) for every proper subbundle
0→ E′ → E.
Note that slope stable implies slope semistable.
Definition 6. The holomorphic Euler characteristic of a vector bundle
E →M is
χ(X,E) =
dimX∑
j=0
hj(X,E).
Theorem 7 (Hirzebruch-Riemann-Roch Theorem). For a compact con-
nected complex manifold X and a holomorphic vector bundle E → X,
χ(X,E) =
∫
X
c(E)Td(TX),
where c(E) is the Chern class of E and Td(TX) is the Todd class of the
tangent bundle of X.
Corollary 8. [BHPV, Thm. 5.4] For a compact connected complex smooth
curve X and a vector bundle E → X,
h0(X,E) − h1(X,E) = c1(E) − rank(E)(g(X) − 1).
Corollary 9. Let X be a compact connected complex smooth curve and
KX → X its canonical bundle. Then,
c1(KX) = 2g(X) − 2.
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Proof. It follows from Corollary 8 and Serre Duality. 
Lemma 10. Let X be a compact smooth curve and L→ X a holomorphic
line bundle over X. Then
H1(X,L) = 0
if c1(L) > 2g(X) − 2.
Proof. From Serre duality,
H1(X,L) = H0(X,KX ⊗ L
−1)∨.
Then H1(X,L) vanishes if
c1(KX ⊗ L
−1) < 0. (1)
From Corollary 9, c1(KX) = 2g(X) − 2. Then Equation 1 can be rewritten
as
c1(L) > 2g(X) − 2.

3. The unstable component
In this section we show that moduli spaces of rank 2 vector bundles on a
projective surface may have an entire component of large dimension consis-
ting only of unstable bundles. Thus, we find that the stack of all bundles
may be reducible for all (arbitrarily large) values of c2, even though for large
c2 stable bundles will be contained in a definite irreducible component, by
results of Gieseker–Li [GL] and O’Grady [O’].
Let X be a smooth and connected projective surface. Fix an ample line
bundle H on X, a line bundle R on X (it will give our c1(E)) and a line
bundle L on X such that 2L ·H > R ·H and h0(KX⊗R⊗(L
⊗2)∨) = 0. Note
that for any fixed H,R these conditions are satisfied if we take L = H⊗t with
t ≥ 0. Fix c2 ∈ Z such that c2 ≥ −L
2 + L · R. Let A(R,L, c2) be the set of
all isomorphism classes of rank 2 bundles E which fit in an exact sequence
0→ L→ E → IQ ⊗R⊗ L
∨ → 0 (2)
with Q a finite subset of X with ♯(Q) = c2+L
2−L ·R. Since 2L ·H > R ·H,
each E ∈ A(R,L, c2) is slope H-unstable and (2) is its unique destabilizing
filtration. In particular no two non-proportional extensions (2), not even
when associated to different sets Q,Q′, give isomorphic bundles.
Remark 11. Take c2 = −L
2 + L ·R. In this case A(R,L, c2) is the set of all
isomorphism classes of extensions of R ⊗ L∨ by L. If h1((L⊗2)∨ ⊗ R) = 0,
then A(R,L, c2) = {L⊕R⊗ L
∨}.
Remark 12. Assume c2+L
2−R·L > 0, then for any Q ⊂ X with ♯(Q) = c2+
L2−L ·R, the set of all locally free E fitting into (2) is isomorphic to a non-
empty Zariski open subset of a projective space of positive dimension because
any non-empty finite subset A ofX has the Cayley–Bacharach property with
respect to R⊗ (L⊗2)∨ by our choice of L. Since the set of all subsets of X
with cardinality c2+L
2−L ·R is a variety of dimension 2(c2+L
2−L ·R) and
each E ∈ A(R,L, c2) fits in a unique extension (2), up to a scalar multiple,
we get dim(A(R,L, c2)) ≥ 2(c2 + L
2 − L · R). Note that Q is supported on
a the finite set of points chosen independently of the geometry of X.
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Now we reverse the data, i.e. we assume only that c1(R) = c1(E) and
c2 ∈ Z. We fix an integer a > 0. Fix an integer t > 0 such that h
0(KX ⊗
R ⊗ (H⊗2t)∨) = 0 and −t2H2 + tH · R ≥ c2 + a. Take L := H
⊗t. The set
A(R,L, c2) has dimension at least 2a.
4. A toy example of the Kuranishi map
To understand the moduli stacks of rank two bundles on a general surface,
we need to understand deformations of unstable bundles. As the first case,
we use the Kuranishi map to study a neighbourhood of a split bundle, then
we will proceed to unstable bundles which are not filtrable. Suppose E splits
as a sum of line bundles E = L⊕ L−1.
Note that
EndE = E ⊗ E∨ = L2 ⊕O ⊕O ⊕ L−2.
Accordingly, the Kuranishi map
κ : H1(X,L2⊕O⊕2⊕L−2)⊗H1(X,L2⊕O⊕2⊕L−2)→ H2(X,L2⊕O⊕2⊕L−2)
decomposes into three parts:
ι) H1(X,L2)⊗H1(X,O)→ H2(X,L2)
ιι) H1(X,L2)⊗H1(X,L−2)→ H2(X,O)
ιιι) H1(X,O) ⊗H1(X,L−2)→ H2(X,L−2).
Rigorously, we might also want to consider a component H1(X,O) ⊗
H1(X,O) → H2(X,O), but this corresponds only to changing the complex
structure of the surface, and since we want to estimate the codimension of
the set of unstable bundles for a fixed complex structure, such part can be
ignored.
4.1. Toy example: P1 × P1. As a first example we study the subset of
unstable bundles for the surface X = P1 × P1. Let E be the direct sum
bundle E = L⊕L−1 over P1 × P1 where L = O(m,n) := OP1(m)⊠OP1(n).
Recall that
hq(Pn,OPn(k)) =


(n+k
k
)
, q = 0, k ≥ 0(
−k−1
−k−1−n
)
, q = n, k ≤ −n− 1
0, otherwise.
In particular,
hq(P1,OP1(k)) =


k + 1, q = 0, k ≥ 0
−k − 1, q = 1, k ≤ −2
0, otherwise.
(3)
Using (3) and the Ku¨nneth formula, we conclude that H1(X,O) = 0,
so the Kuranishi map in this case has a unique non-vanishing component,
corresponding to item ιι above:
H1(X,O(m,n)2)⊗H1(X,O(−m,−n)2)→ H2(X,O). (4)
Decomposing X = (P1×P1−{∞})∪(P1×P1−{0}) and using the Mayer–
Vietoris sequence, we obtain that H2(X,O) = 0. Then we can rewrite (4)
as
H1(X,O(2m, 2n)) ⊗H1(X,O(−2m,−2n))→ 0.
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Therefore, either mn > 0 or else this map has a non-zero kernel. In case
mn < 0, say m > 0 and n < 0, the domain
Dκ := H
1(X,O(2m, 2n)) ⊗H1(X,O(−2m,−2n)) =
H0(P1,O(2m)) ⊗H1(P1,O(2n))⊕H1(P1,O(−2m)) ⊗H0(P1,O(−2n))
has dimension
dimDκ = (2m+ 1)(−2n − 1) + (2m− 1)(−2n + 1) = −8mn− 2. (5)
Note that H1(X,O(2m, 2n)) = Ext1(L−1, L) parametrizes unstable defor-
mations, that is, the direction of deformation towards unstable bundles.
On the other hand H1(X,O(−2m,−2n)) = Ext1(L,L−1), also parametrize
deformations of E, but corresponding to stable bundles.
Using that c(O(m)) = 1 +m, we get c(L) = 1 + (m,n) and
c2(E) = c0(L)c2(L
−1) + c1(L)c1(L
−1) + c2(L)c0(L
−1)
= (m,n)(−m,−n)
= −2mn,
i.e., the second Chern class of E is c2(E) = −2mn.
Now, when c2 → ∞ both of the factors on Equation (5) go to infinity.
Hence the codimension of the unstable stratum (−4mn− 1) goes to infinity
with c2.
The case when one of the curves is P1, hence ruled surfaces, is not repre-
sentative for the study we carry out here, because P1 has no positive dimen-
sion moduli of bundles and consequently some components of the Kuranishi
map become trivial. Furthermore, the topology of moduli of bundles on
ruled and rational surfaces is far better understood that the case of general
type, see for example [HM] and [Ga].
5. The Kuranishi map around a split bundle
Let Σ1 and Σ2 be compact complex smooth curves of general type of
different genus g1, g2 respectively which are Pic-independent (Def. 20). For
example, this happens when the pair (Σ1,Σ2) is very general in Mg1 ×Mg2.
Let X = Σ1 × Σ2 and L = L1 ⊠ L2 a line bundle over X of type (m,n)
In this section we study the Kuranishi map near a split bundle E = L ⊕
L−1. We carry out the study for the case of c1 = 0, other cases are just
notationally heavier, but do not bring any real extra difficulty. Our aim
is to describe explicitly what points of the moduli space have obstructed
deformation theory. These in turn correspond to singular points of the
moduli space. At such points we investigate the nature of the singularity.
Given the splitting E = L⊕ L−1, we have that the tangent space to the
moduli space at E is
TEM = H
1(X,L2)⊕H1(X,O) ⊕H1(X,O) ⊕H1(X,L−2).
We identify the directions as:
Notation 13. Tu = H
1(X,L2), To = H
1(X,O) and Ts = H
1(X,L−2).
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Observe that Tu and To contain unstable deformations of E whereas Ts
is the direction of stable deformations. We consider the components of the
Kuranishi map at E:
ι) H1(X,L2)⊗H1(X,O)→ H2(X,L2)
ιι) H1(X,L2)⊗H1(X,L−2)→ H2(X,O)
ιιι) H1(X,O) ⊗H1(X,L−2)→ H2(X,L−2).
We could also list the component H1(X,O)⊗H1(X,O)→ H2(X,O), but
it is not needed for our analysis, since H2(X,O) poses a bounded number of
obstructions and H1(X,O) does not depend on the choice of the point E in
the moduli, and accordingly does not play an interesting role for this task.
We will use the local study to estimate the codimension of the set of unstable
bundles in the irreducible component of the moduli space containing stable
bundles. This section serves as a warm-up for the more general calculation
that will be carried out in section 6 around nonfiltrable bundles.
Remark 14. We assume that any component consisting entirely of unstable
bundles has been removed from M, given that not much can be said about
the topology of the moduli of stable bundles in comparison to the topology
of such (possibly quite large) component (see section 3). In other words,
we remove the component consisting only of unstable bundles and study its
complement in the coarse moduli space of the stack as it compares to the
moduli space of stable bundles.
Observe that the Kuranishi map around any point of the moduli space will
have a component with target space H2(X,O). We shall regard equations
defining the local model of the moduli space coming from this component as
unavoidable equations. Thus, in a sense these represent a minimal number
of equations that will be present overall.
Proposition 15. Assume c2 >> 0. Removing the set of split points does
not change the homology of the moduli space Mc2(X) in dimension smaller
than c2.
Proof. Recall that in this case c2 = −2mn. We wish to study the cases
of large c2. There are always some few initial low dimensional phenomena
happening for small c2, which are atypical. We avoid those, and concentrate
on c2 large enough to display topological behaviour that is typical for the
moduli spaces. Now, consider each of the components of the Kuranishi map.
ι) We claim that H2(X,L2) = 0 for large m and hence the first component
can be ignored, since it will produce no equations for the local model at E.
In fact, H2(X,L2) =
H2(Σ1, L1)⊗H
0(Σ2, L2)⊕H
1(Σ1, L1)⊗H
1(Σ2, L2)⊕H
0(Σ1, L1)⊗H
2(Σ2, L2)
and H2(Σ1, L1) = H
2(Σ2, L2) = 0. Furthermore, by Lemma 10, H
1(Σ1, L1) =
0 for m > 2g(Σ1)− 2, thus producing no obstructions for large c2.
ιι) Here, O is fixed by the choice of X and this is precisely the part that
poses h2(X,O) obstructions. These are unavoidable, but are a bounded
number depending only on the topology of X and small once we compare
to moduli with large c2.
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ιιι) This component To⊗Ts → H
2(X,L−2) can give a number of obstruc-
tions that grows with m. Here we wish to remove the set To which contains
the directions of unstable deformations, in the case when obstructions are
present. Writing out the expressions of
Ts =
(
H1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )
)
⊕
(
H0(Σ1, L
−2
1 )⊗H
1(Σ2, L
−2
2 )
)
and
To =
(
H0(Σ1,O)⊗H
1(Σ2,O)
)
⊕
(
H1(Σ1,O)⊗H
0(Σ2,O)
)
and using the facts that
H0(Σ1,O) = H
0(Σ2,O) = C andH
0(Σ1, L
−2
1 ) = 0 for large m
we have that
Ts = H
1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 ),
To = H
1(Σ1,O)⊕H
1(Σ2,O).
Then
To ⊗ Ts =
(
H1(Σ1,O)⊕H
1(Σ2,O)
)
⊗
(
H1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )
)
=H1(Σ1,O)⊗H
1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )
⊕H1(Σ2,O)⊗H
1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )
≃H1(Σ1, L
−2
1 )⊗H
1(Σ1,O)⊗H
0(Σ2, L
−2
2 )
⊕H1(Σ1, L
−2
1 )⊗H
1(Σ2,O)⊗H
0(Σ2, L
−2
2 ),
where we may change the order, since the product is taken over C.
Furthermore,
H2(X,L−2) = H1(Σ1, L
−2
1 )⊗H
1(Σ2, L
−2
2 )
so the obstruction map can be written as
(
H1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )⊗H
1(Σ1,O)
)
⊕(
H1(Σ1, L
−2
1 )⊗H
0(Σ2, L
−2
2 )⊗H
1(Σ2,O)
)
→ H1(Σ1, L
−2
1 )⊗H
1(Σ2, L
−2
2 ). (6)
The first coordinates map by the identity, therefore it suffices to study
the zero set of the map(
H0(Σ2, L
−2
2 )⊗H
1(Σ1,O)
)
⊕
(
H0(Σ2, L
−2
2 )⊗H
1(Σ2,O)
)
→ H1(Σ2, L
−2
2 ),
that is,
H0(Σ2, L
−2
2 )⊗
(
H1(Σ1,O)⊕H
1(Σ2,O)
)
→ H1(Σ2, L
−2
2 ). (7)
Claim. The topology of M ∩ (To ⊕ Ts) remains unchanged upon removing
To up to real dimension c2.
We set V1(m) := H
1(Σ1, L
−2
1 ), V0(n) := H
0(Σ2, L
−2
2 ) and
A := To = H
1(Σ1,O)⊕H
1(Σ2,O)
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and we want to identify the zero set of the Kuranishi map (6). Setting
K = V0(n) ⊗ A as the zero set of the quadratic cup-product map (7) the
zero set of the Kuranishi map (6) in V1(m)⊗ V0(n)⊗A becomes
Kν1 = K ×A K ×A · · · ×A K
ν1 = dimC V1(m) times.
Let Ka be the fiber over a point a ∈ A. We want to remove A, that is,
the zero section of the fiber product K.
Note that if Ka = 0 for some a, then To is an irreducible component of
M ∩ (To ⊕ Ts) and in that case M has a totally unstable component.
We have avoided this case by demanding in our hypothesis that we work
in the complement of unstable components. Therefore, in our case Ka is
never zero.
Now, observe that in equation (7) we have that To appears in codimension
h0(Σ2, L
−2
2 ) and the target gives us h
1(Σ2, L
−2
2 ) equations. So, to have a
meaningful bound here, all we need is that the number of equations be less
than the codimension. But, by Riemann–Roch we have:
h0(Σ2, L
−2
2 )− h
1(Σ2, L
−2
2 ) = −2n− g2 + 1 > 0.
Since Ka is never zero, we can then promote this to the bounds we require
in equation (6), using the fact that ν1 = 2m − g1 + 1. So, we have that
To appears in the Kuranishi map (6) in codimension ν1dimKa = ν1ν0 =
(2m−g1+1)(−2n−g2+1) and the corresponding neighbourhood is defined
by h1(Σ1, L
−2
1 )h
1(Σ2, L
−2
2 ) equations.
Thus, we obtained the following bound on codimension of To minus num-
ber of defining equations, to apply Kirwan’s theorem 1:
h1(Σ1, L
−2
1 )(h
0(Σ2, L
−2
2 )−h
1(Σ2, L
−2
2 )) = (2m−g1+1)(−2n−g2+1) > c2(E)
whenever m >> 0 is large enough to make h0(Σ1, L
−2
1 ) = 0. 
6. The Kuranishi map around a nonfiltrable bundle
6.1. The Kuranishi map near an unstable bundle. Here we assume
that X = Σ1 × Σ2 is a product of curves of general type of different genus
g1, g2 respectively, which are Pic-independent (Def. 20). For example, this
happens when the pair (Σ1,Σ2) is very general in Mg1 ×Mg2 .
Let X = Σ1 × Σ2 and L = L1 ⊠ L2 a line bundle over X of type (m,n).
We now study the Kuranishi map in the more general (and more frequent)
case, namely, near an unstable bundle E which is not an extension of line
bundles, instead we assume only that E is an extension of a rank one torsion
free sheaf F by a destabilizing line bundle L. Hence
0→ L→ E → F → 0
and
0→ F → F∨∨ → Q→ 0
with Q supported at points and F∨∨ = L−1. The tangent space to gl2
deformations of E is
Ext1(L,L)⊕ Ext1(L,F )⊕ Ext1(F,L) ⊕ Ext1(F,F )
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and there is a map
TM →֒ Ext1(L,L)⊕ Ext1(L,F ) ⊕ Ext1(F,L)⊕ Ext1(F,F ).
Since Ext1(L,L) = H1(O) the space of sl2 deformations of E is
Ext1(L,F )⊕ Ext1(F,L) ⊕ Ext1(F,F ).
Considering only sl2 deformations, we may write the map as
TM →֒ Ts ⊕ Tu ⊕ To
where we set the notation:
Ts : = Ext
1(L,F ) = H1(L−1 ⊗ F ),
Tu : = Ext
1(F,L)
To : = Ext
1(F,F ) = H1(O)⊕ ΓExt 1(F,F ).
Note that Ts contains deformations towards stable bundles, whereas both
Tu and To give directions of unstable deformations. To is the direction
corresponding to varying the holomorphic structure of L and its splitting is
given in Lemma 24.
The components of the Kuranishi map are
ι) Ext1(F,L)⊗ Ext1(F,F ) → Ext2(F,L)
ιι) Ext1(L,F )⊗ Ext1(F,L) → Ext2(F,F ) = H2(O)
ιιι) Ext1(F,F )⊗ Ext1(L,F ) → Ext2(L,F ) = H2(L−1 ⊗ F ) = H2(L−2)
In this case we have that c2 = −mn+ l(Q) and to discuss the topology when
c2 goes to infinity we need to analyze two cases: either −mn goes to infinity
(case A), or else it stays bounded but l(Q) goes to infinity (case B). Since L
is destabilizing of type (m,n) we have m+n ≥ 0. Hence, in case A, we may
assume without loss of generality that m → ∞ and n ≤ 0. We now study
each component of the Kuranishi map.
ι) Consider the map
Ext1(F,L)⊗ Ext1(F,F )→ Ext2(F,L).
Recall that Ext1(F,F ) = H1(O)⊕ ΓExt 1(F,F ) with
ΓExt 1(F,F ) = ΓHom (F,Q) = Hom(F,Q)
mapping to Ext1(F,F ) by the short exact sequence
0→ F → F∨∨ → Q→ 0.
Taking Hom(., L) , we obtain
Ext1(Q,L)→ H1(L2)→ Ext1(F,L)→ Ext2(Q,L)→ H2(L2)→ Ext2(F,L)→ 0.
The map ι can be described by the following three components
Ext2(Q,L) ⊗ Hom(F,Q)
↑ ↓ ց
Ext1(F,L) ⊗ Ext1(F,F ) → Ext2(F,L).
↑ ↓ ր
Ext1(F∨∨, L) ⊗ Ext1(F,F∨∨)
The diagram commutes, so ΓExt 1(F,F ) kills imExt1(F∨∨, L) and pairs with
Ext2(Q,L). We are interested in a neighbourhood of [E], that is, the class
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of E in Ext1(F,L). Consider the image of [E] inside Ext2(Q,L). Recall
that the non-zero fibers of Q are one-dimensional, because Q is a quotient
of O. Since E is a vector bundle, it maps to non-zero values in the fibres
of ΓExt 2(Q,L) at all points in the supp(Q), as shown in B. Hence, by
acting on im[E] ∈ Ext2(Q,L) with elements of Hom(Q,Q), we obtain any
element of Ext2(Q,L). It follows that im(Hom(F,Q)⊗ [E]) = Ext2(Q,L)⊗
Im(Hom(F,Q)) in Ext2(F,L). Moreover, as [E] varies, the zero set of the
Kuranishi map projected to Ext1(F,F∨∨) forms a vector bundle over its
image with fibre Ker(. ⊗ [E]). In other words, near [E], the quadratic part
of the Kuranishi map comes entirely from the pairing
imExt(L−1, L)⊗ Ext1(L−1, L−1)→ imExt2(L−1, L)
which is the same as the one for the case of a split bundle case, described
in section 5, and the same conclusions apply. Hence, we arrive at the same
map as in the case ι of section 5:
H1(X,L2)⊗H1(X,O)→ H2(X,L2).
ιι) Let us consider the map
Ext1(L,F ) ⊗ Ext1(F,L)→ H2(O)
The target space H2(O) is fixed, so ιι imposes the expected bounded num-
ber of obstructions, which are negligible when we consider large c2.
ιιι) Finally we consider the map
Ext1(F,F )⊗ Ext1(L,F )→ Ext2(L,F ) = H2(L−2).
We have H2(L−2) = H1(Σ1, L
−2
1 )⊗H
1(Σ2, L
−2
2 ) which does not vanish. We
now try to remove To. The argument is analogous to the one in the section
5, namely the component ιιι gives obstructions to the Kuranishi map, and
is defined on To⊗Ts where Ts contains deformations toward stable bundles.
We want to remove To from the tangent space of M. The spaces To and Ts
are determined by the following exact sequences
0→ Hom(L,Q)→ Ts → H
1(L−2)→ 0
0→ H1(O)→ To → ΓExt
1(F,F )→ 0.
Claim. Hom(L,Q) gets killed under the pairing.
Proof. First consider the map
Hom(L,Q)⊗H1(O)→ Ext2(L,F ).
Given that H1(O) = Ext1(L,L) the previous map factors through Ext1(L,Q)
and the latter is zero because Ext 1(L,Q) = 0 since L is locally free and
H1(Hom(L,Q)) = 0 because Q is supported at points. There remains the
map
Hom(L,Q)⊗ ΓExt 1(F,F )→ Ext2(L,F ).
The fact that this map is zero follows from the following stronger statement.

Claim. Ts = ΓExt
1(F,F ) gets killed under the pairing.
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Proof. We want to show that the map
Ext1(L,F )⊗ ΓExt 1(F,F )→ Ext2(L,F )
is zero. But ΓExt 1(F,F ) ≃ ΓHom (F,Q) = Hom(F,Q) hence the domain
becomes Ext1(L,F ) ⊗ Hom(F,Q) and the map factors through Ext1(L,Q)
which is zero, because Ext 1(L,Q) = 0. 
The third part of the Kuranishi map in this case gets reduced to the
following:
H1(O)⊗H1(L−2)→ Ext2(L,F ) = H2(L−2),
but this is the same as part ιιι in the case when E was an extension of line
bundles. The remaining part of the argument proceeds as in section 5, and
once again we obtain the same bounds.
In conclusion, we have showed that each component of the Kuranishi
map gives the same bounds in this case for the set of unstable points, as we
had obtained in section 5, and accordingly, we obtain a result analogous to
Prop.15.
Proposition 16. Assume c2 >> 0. Removing the set of unstable bundles
does not change the homology of the moduli space Mc2(X) in dimension
smaller than c2.
Remark 17. Note that our result is independent of the choice of a polariza-
tion. Fix a polarization ω = (α, β) ∈ H2(X,Z) choose L which is destabi-
lizing for E, then if L := L1 ⊠ L2 → X be a line bundle of type (m,n), we
have
deg(L) = αm+ βn ≥ 0.
We remove all unstable bundles in a neighbourhood of E from the coarse
moduli space of the stack of vector bundles over X. This conclusion holds
whether we are in the setting of section 5 or section 6 for any choice of ω.
7. The stack of all bundles and the moduli of stable bundles
We wish to compare
Ms(Σ1 × Σ2) = {stable bundles onΣ1 × Σ2}
to
M(Σ1 × Σ2) = {all bundles onΣ1 × Σ2}.
Naturally we ought to compare the corresponding individual moduli for fixed
values of Chern classes. For simplicity, we have assumed throughout this
work that the first Chern class vanishes, the general case is just notationally
more complicated, but does not present any actual extra theoretical diffi-
culty. Since c1 = 0, we ought to compare the moduli fixing the second Chern
class. There occurs, as usual in moduli problems, some atypical behaviour
for very small values of c2, so we prove our result for large enough values
of Chern class, which we denote by c2 >> 0. We emphasize that we work
on the complement of the irreducible components containing only unstable
bundles, as stated in Rem. 14. As we have showed in Sec. 3, the unstable
component may be arbitrarily large, and we say nothing about its topology
in comparison to the moduli space of stable bundles. So, in a sense, our
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result may be viewed as a statement comparing the moduli spaces and the
possible compactifications.
We will assume that c2 is sufficiently large and then for each q < c2 we
show
Hq(Mc2(Σ1 × Σ2),M
s
c2
(Σ1 × Σ2)) = 0.
Since our result will apply for the product of 2 curves that are Pic-
independent, we recall the definition.
Notation 18. Let Pic(X) denote the Picard scheme of a variety X parame-
trizing all invertible sheaves on X algebraically equivalent to zero. For any
variety S denote by qS(X) the dimension of the closed group subscheme of
Pic(X) generated by the images of all the morphisms ϕ : S → Pic(X) such
that ϕ(S) contains 0, the point on Pic(X) corresponding to the sheaf OX .
Proposition 19. [F, Prop. 3] Let X and Y be varieties. The following
conditions are equivalent.
• qY (X) = 0 (or qX(Y ) = 0),
• For any invertible sheaf L on X × Y , there are A ∈ PicX and
B ∈ Pic(Y ) such that L = p∗1A ⊠ p
∗
2B, where p1 : X × Y → X and
p2 : X × Y → y are the projections.
Definition 20. We say that X and Y are Pic-independent if the conditions
in proposition 19 are satisfied.
Now we present the main result of this paper.
Theorem 21. Assume c2 >> 0, and let Σ1 and Σ2 be Pic-independent
smooth projective curves. Then for q < c2 we have
Hq(Mc2(Σ1 × Σ2),M
s
c2
(Σ1 × Σ2)) = 0.
Proof. We consider separately each case for a fixed smooth type of the bun-
dle, hence fixed Chern classes, although we omit the Chern classes from the
notation, keeping in mind that throughout the proof only a chosen case is
being considered for both moduli. The result is then obtained in 3 steps.
First, we remove the irreducible component consisting only of unstable
bundles, in section 3 we showed that such a component can be arbitrarily
large, hence we will not include it in our discussions, see Remark 14. Thus,
we are left only with the part of the moduli space where each component
contains stable bundles.
Second, we use the results of sections 5 and 6 to conclude that for high
Chern class, the codimension of the set of unstable bundles is large. Note
that in subsection 6.1 we have studied the neighbourhoods nonfiltrable bun-
dles, which also includes the case of filtrable bundles when Q = 0.
Third, we observe that the moduli space is defined in a neighborhood of
a singular point E by at most H2(End0 E) equations. We required fine esti-
mates, which we carried out separately for each component of the Kuranishi
map. In fact, we showed in propositions 15 and 16 that the difference of
codimension and number of local defining equations is bounded below by c2.
Then, an application of Kirwan’s Theorem1, combined with the estimate
on the codimension of the set of unstable bundles for each component of the
Kuranishi map, shows that removing unstable points does not change the
homology of the moduli up to degree q < c2, as we wished to show. 
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Appendix A. Skyscraper sheaves
This appendix contains homological algebra calculations that are used in
the body of the paper. Here we call the line bundle M. The result of this
section are used for the case where L is the destabilizing bundle for a rank
two bundle E over the surface. In such case the results of this section apply
with M = L−1.
Lemma 22. If the sheaf Q is locally a quotient of O, supported at points
and with length(Q) = l then
Hom(Q,Q) = Cl,
Ext1(Q,Q) = C2l,
Ext2(Q,Q) = Cl.
Proof. Locally, we can resolve Q by
0→ O
[p q]
→ O2
[q−p]
→ O → Q→ 0.
Hence Q is equivalent to the complex
0→ O
[p q]
→ O2
[q−p]
→ O → 0.
Applying Hom (−, Q) to this complex, we have
Hom (O, Q)→ Hom (O2, Q)→ Hom (O, Q)
which gives
Q
[q −p]
→ Q2
[pq]
→ Q. (∗)
But because Q can be written as the quotient Q ≃
O
pO + qO
it follows that
both maps on (∗) are zero, and taking cohomology of (∗) gives Hom (Q,Q) =
Q, Ext 1(Q,Q) = Q2, and Ext 2(Q,Q) = Q. Since Q is supported at points,
the global Hom is given by global sections of Hom therefore Hom(Q,Q) =
C
l, Ext1(Q,Q) = C2l and Ext2(Q,Q) = Cl. 
Lemma 23. If Q zero-dimensional of length l and M is a line bundle then
Hom(Q,M) = Ext1(Q,M) = 0 and Ext2(Q,M) = Cl.
Lemma 24. Suppose M is a line bundle and Q is a zero dimensional sheaf
such that 0→ F →M → Q→ 0 is exact, then we have a canonical splitting
Ext1(F,F ) = ΓExt 1(F,F ) ⊕H1(O).
Proof. Applying Hom (Q,−) to the short exact sequence
0→ F →M → Q→ 0, (8)
we get
0→ Hom (Q,F )→ Hom (Q,M)→ Hom (Q,Q)→ Ext 1(Q,F )→ Ext 1(Q,M)
→ Ext 1(Q,Q)→ Ext 2(Q,F )→ Ext 2(Q,M)→ Ext 2(Q,Q)→ 0
Using the vanishing results given by the lemma, and the fact that Q is
supported at points, this reduces to
0→ Hom (Q,Q)→ Ext 1(Q,F )→ 0
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0→ Ext 1(Q,Q)→ Ext 2(Q,F )→ Ext 2(Q,M)→ Ext 2(Q,Q)→ 0.
From the first part, we get
Ext 1(Q,F ) ≃ Hom (Q,Q)
applying lemma 22
Ext1(Q,F ) = Hom(Q,Q) = Cl.
For the second part, lemma 22 gives dimΓExt 2(Q,Q) = l. The last map
is therefore an isomorphism, therefore the penultimate map is zero and it
follows that
Ext 2(Q,F ) ≃ Ext 1(Q,Q)
and from lemma 22
Ext2(Q,F ) = Ext1(Q,Q) = C2l.
Now we apply Hom (−, F ) to the short exact sequence (8) obtaining
0→ Hom (Q,F )→ Hom (M,F )→ Hom (F,F )→ Ext 1(Q,F )→ Ext 1(M,F )
→ Ext 1(F,F )→ Ext 2(Q,F )→ Ext 2(M,F )→ Ext 2(F,F )→ 0
But Ext 1(M,F ) = Ext 2(M,F ) = 0 and from the lemma it follows that
Hom (Q,F ) = 0 and the above sequence reduces to
0→ Hom (M,F )→ Hom (F,F )→ Ext 1(Q,F )→ 0
0→ Ext 1(F,F )→ Ext 2(Q,F )→ 0
hence
Ext 1(F,F ) ≃ Ext 2(Q,F ).
Combining with the result of (8) we have
Ext1(F,F ) ≃ Ext1(Q,Q) = C2l. (9)
On the other hand, given that Ext 1(F,F ) = Ext 2(Q,F ) and Hom (F,Q) =
Ext 1(Q,Q) the diagram
0 0
↓ ↓
Hom (F,Q) → Ext 1(F,F ) → Ext 1(F,M)
|| ↓ ||
Ext 1(Q,Q) ≃ Ext 2(Q,F )
0
→ Ext 2(Q,M)
gives
Hom (F,Q) ≃ Ext 1(F,F )
hence
Hom(F,Q) = ΓExt 1(F,F ). (10)
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The results of (9) and (10) are then plugged into the left lower corner of
the following diagram
Hom(Q,Q) → Ext1(Q,F ) → 0 → Ext1(Q,Q)
|| ↓ ↓ ↓
Hom(M,Q) → Ext1(M,F ) → Ext1(M,M) → 0
↓ ↓ ↓ ↓
Hom(F,Q) → Ext1(F,F ) → Ext1(F,M) → Ext1(F,Q)
|| ↓ ↓ ↓
Ext1(Q,Q) ≃ Ext2(Q,F ) → Ext2(Q,M) ≃ Ext2(Q,Q)
and a little diagram chase together with (5) yields
Ext1(F,F ) = Ext1(M,M)⊕Hom(F,Q) = H1(O)⊕ ΓExt 1(F,F ).

Appendix B. Nonfiltrable bundles
In this appendix we discuss the question of when does extending a torsion
free sheaf by a line bundle result in a vector bundle. That is, we wish to
verify the following. Assume given a line bundle L and a rank 1 torsion free
sheaf F satisfying
0→ F → F∨∨ → Q→ 0
with Q having zero dimensional support. If E is an extension
0→ L→ E → F → 0
when is E a vector bundle?
In such a case, locally we have a resolution
0→ L→ E → F∨∨ → Q→ 0
0→ O → O2 → O → Q→ 0
and it follows that Q is a local complete intersection. We write Q = O/(p, q)
with p, q ∈ O coprime. Assuming this, we have that Ext 1(Q,O) = 0 and
Ext 2(Q,O) ≃ Q. An extension
0→ L→ E → F → 0
has a corresponding class [E] in Ext 1(F,L) ≃ Ext 2(Q,L) = Ext 2(Q,O)⊗L.
In order for E to be a vector bundle the class [E] must have a non-zero value
at each point in the support of Q
Ext1(F,L)→ ΓExt 1(F,L) = ΓExt 2(Q,L) = Ext2(Q,L)
and the map from leftmost to rightmost terms in the above expression is
just the connecting homomorphism coming from
0→ F → F∨∨ → Q→ 0.
Since the condition of hitting every point on the support of Q nontrivially
is in general not satisfied for bundles on complex surfaces, hence the generic
bundle is nonfiltrable.
MODULI OF BUNDLES ON SURFACES OF GENERAL TYPE 17
Acknowledgements. E. Gasparim was partially supported by a Simons
Associateship grant of the Abdus Salam International Centre for Theoretical
Physics, F. Rubilar was supported by Beca Doctorado Nacional Conicyt
Folio 21170589. E. Gasparim and F. Rubilar were also supported by the
Vicerrector´ıa de Investigacio´n y Desarrollo Tecnolo´gico (UCN Chile). E.
Ballico was partially supported by MIUR and GNSAGA of INdAM (Italy).
References
[BB] Bleecker, D., Booss, B., Index theory with applications to mathematics and
physics , International Press (2012).
[BHPV] Barth, W., Hulek, K., Peters, C., van de Ven, A., Compact Complex Surfaces,
Springer (2004).
[DK] Donaldson, S. K., Kronheimer, P. B., The geometry of four-manifolds, Oxford
University Press, Oxford (1990).
[F] Fujita, T., Cancellation Problem of Complete Varieties, Invent. Math. 64
(1981) 119–121.
[Ki] Kirwan, F., On spaces of maps from Riemann surfaces to Grassmannians and
applications to the cohomology of vector bundles. Arch. Math. 24 n.2 (1986)
221–275.
[Ga] Gasparim, E., The Atiyah–Jones conjecture for rational surfaces, Advances
Math. 218, 1027–1050 (2008).
[GL] Gieseker, D., Li, J., Irreducibility of moduli of rank-2 vector bundles on alge-
braic surfaces, J. Diff. Geometry 40 n.1 (1994) 23–104.
[Go] Go´mez, T., Algebraic stacks Proc. Math. Sci. 111 (2001) 1–31.
[HM] Hurtubise, J., Milgram, R., The Atiyah–Jones conjecture for ruled surfaces, J.
Reine Angew. Math. 466 (1995) 111–143.
[O’] O’Grady, K., The irreducible components of moduli spaces of vector bundles
on surfaces, Invent. Math. 112 (1993) 585–613.
EB: Dept. Mathematics, University of Trento, I-38050 Povo, Italy.
EG, FR, BS: Depto. Matema´ticas, Universidad Cato´lica del Norte, Chile.
emails: ballico@science.unitn.it, etgasparim@gmail.com, rubilar n17@hotmail.com,
obrunosuzuki@gmail.com
